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Abstract. In this paper, the relationship between the existence of special lagrangian 
submanifolds and the collapsing of Calabi-Yau manifolds is studied. First, special 
lagrangian fibrations are constructed on some regions of bounded curvature and suffi- 
ciently collapsed in Ricci-flat Calabi-Yau manifolds. Then, in the opposite direction, 
it is shown that the existence of special lagrangian submanifolds with small volume 
implies the collapsing of some regions in the ambient Calabi-Yau manifolds. 



1. Introduction 

The notion of special lagrangian submanifold was introduced by Harvey and Lawson 
in the seminar paper [27]. Mclean studied the deformation theory of special lagrangian 
submanifolds in [34]. In the pioneer work [43], Stominger, Yau and Zaslow propose a 
conjecture about constructing the mirror manifold of a given Calabi-Yau manifold, the 
SYZ conjecture, via special lagrangian fibrations. Since then, lots of works were devoted 
to study special lagrangian submanifolds and fibrations (c.f. [38], [37], [35], [3J5], [T§] . 
HO], [33], [2T], [H], 05], [3D], [31], and references in [31]). In [3J and [H], a refined 
version of SYZ conjecture was proposed by using the collapsing of Ricci-flat Calabi-Yau 
manifolds in the Gromov-Hausdorff sense. These two versions of SYZ conjecture suggest 
a relationship between the existence of special lagrangian submanifolds and the collapsing 
of Calabi-Yau manifolds. In this paper, we study this relationship. 

If (M, ui, J, g) is a compact Ricci-flat Kahler n-manifold, and admits a no- where van- 
ishing holomorphic n-form f2, the holomorphic volume form, (Af, lo, J, <?, f2) is called a 
Ricci-flat Calabi-Yau n-manifold, and (w, J, g, il) is called a Calabi-Yau structure on M . 
We can normalize f2 such that 

u) n (-I)tt - 

— = ^ — 

n\ 2" 

(c.f. [31]). Yau's theorem of Calabi conjecture guarantees the existence of Ricci-flat 
Kahler metrics on Kahler manifolds with trivial canonical bundle (c.f. [46 ), which implies 
the existence of Calabi-Yau structures on such manifolds. The holonomy group of a Ricci- 
flat Calabi-Yau n-manifold is a subgroup of SU(n). The study of Calabi-Yau manifolds 
is important in both mathematics and physics (c.f. |47|). 

A special lagrangian submanifold L of phase 8 E M. in a Ricci-flat Calabi-Yau n- 
manifold (M , ui, J, g, fl) is a lagrangian submanifold LcM corresponding to the Kahler 
form lo such that Ree v/ ~ Te f2|z, = dv g \ L where dv g \ L denotes the volume form of g\^ on L. 
Equivalently, diniR L = n, 

u)\ L = 0, Ime^^fik = 
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(c.f. [27] ). In [34], Mclean showed that, for a compact special lagrangian submanifold 
L in a Calabi-Yau manifold (M,lu, J, g,Q), the local moduli space of special lagrangian 
submanifolds near L is a smooth manifold of dimension b±(L), and, moreover, the tangent 
space of the moduli space at L can be identified with the space of harmonic 1-forms on 
(L , g | l ) . In [28 , various structures on the moduli space of special lagrangian submanifolds 
were studied. 

A special lagrangian fibration on a Calabi-Yau n-manifold (M, o>,f2) consists of a 
topological space B, and a surjection / : M — ► B such that there is an open dense subset 
Bq C B, which is a real n-manifold, satisfying that, for any b £ Bo, is a smooth 

special lagrangian submanifold in (M, w,f2). By [14] (see also [22]), & £ -Bo, is a 

n-torus. The first step of SYZ conjecture is to construct such fibration on a Calabi-Yau 
manifold when the complex structure is close to the large complex structure limit point 
enough (c.f. 43J). Then the mirror manifold is a compactification of the dual fibration 
of / : f~ 1 (Bo) — ► Bo. Generalized special lagrangian fibrations were constructed in 
some almost Calabi-Yau manifolds in [37], [38], [39], [20]. In [23], special lagrangian 
fibrations were constructed on some Borcea-Voisin type Calabi-Yau 3-manifolds with 
degenerated Ricci-flat Kahler-Einstein metrics. In [40], H-minimal Lagrangian fibrations, 
a generalization of special lagrangian fibration, were constructed on some regions of 
Kahler-Einstein manifolds with negative scalar curvature. 

In [32] and [21], SYZ conjecture was refined to the following form: Let tt : Ad — ► A be 
a maximally unipotent degeneration of Calabi-Yau n- manifolds over the unit disc A C C, 
and a be an ample class on Ad. For any t £ A\{0}, let <jt be the unique Ricci-flat Kahler 
metric on M t = 7r -1 (*) with its Kahler form Q t £ a\ Mt £ iJ 14 (Af t ,M) n H 2 (M t ,Z), 
and g~t — diam^ 2 (M )<? t . Then (M t ,g~t) converges to a compact metric space (B,cIb) 
of Hausdorff dimension n in the Gromov-Hausdorff sense, when t — > 0. Furthermore, 
there is a closed subset Sb C B of Hausdorff dimension n — 2 such that B\Sb is an 
affine manifold, and ds is induced by a Monge-Ampere metric gs on B\Sb (c.f. [32]). 
The mirror manifolds are supposed to be constructed from the dual affine structure on 
B\Sb and the metric gs- This conjecture was verified for some K3 surfaces in [24]. By 
using hyperKahler rotation, some K3 surfaces admit special lagrangian fibrations. It was 
shown that some K3 surfaces with Ricci-flat Kahler metrics collapse along such special 
lagrangian fibrations in [24]. The two versions of SYZ conjecture suggest the equivalence 
between the existence of special lagrangian submanifolds and the collapsing of Ricci-flat 
Kahler metrics on some regions of Calabi-Yau manifolds, when complex structures are 
close to the large complex limit point enough. 

In Ricmannian geometry, the collapsing of Riemannian manifolds was studied by vari- 
ous authors (c.f. [10], [TT], [9], [13], [15], and references in [15]), since Gromov introduced 
the notion of Gromov-Hausdorff topology in [18]. In [TT], it was proved that there is a 
constant eo(n) > depending only on n such that there is an ^-structure of positive rank 
on the region M eo in a Riemannian n- manifold (M, g), where M tQ denotes the subset with 
injectivity radius i g (p) < eo and sectional curvature sup \K g \ < 1, for any p £ M eo . See 

[10] and [llj for the definition of ^-structure of positive rank, which is a generalization 
of fibration. A folklore conjecture says that there should be special lagrangian fibrations 
on such region in a Calabi-Yau manifold, i.e. the region of bounded curvature and suffi- 
ciently collapsed (c.f. [16 ). The first result in the present paper is devoted to construct 
special lagrangian fibrations under such Ricmannian geometric conditions. 
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Theorem 1.1. For any n 6 N and any a > 1, there exists a constant e = e(n,o~) > 
depending only on n and a such that, if (M, u), J, g, O) is a closed Ricci-flat Calabi-Yau 
n-manifold with [oj] S H 2 (M,Z,), and p S M such that 

i) the injectivity radius and the sectional curvature 

igip) < e ; SU P \ K g\ < !> 

s s (p,i) 

ii) [ fi lB 9 (p,<T» s (p))] 7^ in H n (B g (p,ai g (p)),C), 

then there is an open subset W C M satisfying that B g (p, o~i g (p)) C W, and (W,uj,Q) 
admits a special lagrangian fibration of a phase 9 G R, i.e. there is a topological space B , 
and a surjection f : W — ► B such that, for any b € B, / _1 (6) is a smooth n-submanifold, 

u\f-i(h\ = 0, and Ime^~^ e Q\ f-^a>) = 0. 



Remark 1.2. From the proof of this theorem, we can see that B is an orbifold, and, if b 
belongs the singular set of B, is a smooth multi-fiber. 

Remark 1.3. The condition ii) in the theorem can be replaced by the following small 
non-vanishing n-cycle condition: there is an [A] e H n (B g (p,ai g (p)),'Z,) such that 

J A 

This condition can not be removed since it is satisfied if there is a special lagrangian 
submanifold L near p having comparable size to i g (p), for example L C B g (p,ai g (p)). 

Remark 1.4. It is a challenging task to verify condition i) in Theorem ll.il i.e. to find the 
region of bounded curvature in a Ricci-flat Calabi-Yau manifold. If (M,u, J, g,SY) is a 
K3-surface with Ricci-flat metric, it was shown in [13] that there are universal constants 
C > 0, r > 0, and a finite subset {pj} C M, 1 < j < r, such that 

sup \K g \ < C, 

B g (p,l) 

for any p G M\ [j B g (pj,2). From the author's knowledge, no such estimate for 

l<j<r 

higher dimensional Calabi-Yau manifolds is known except some trivial cases, for example 
Ki x T 2 . 

Next, in the opposite direction, we show that the existence of special lagrangian sub- 
manifolds with small volume implies the collapsing of some regions in the ambient Calabi- 
Yau manifolds. The following theorem is a corollary of a volume comparison theorem for 
calibrated submanifolds in |20j . 

Theorem 1.5. Let (M, w, J,g,fl) be a closed Ricci-flat Calabi-Yau n-manifold, and p S 
M . Assume that the sectional curvature K g satisfies 

SUP Kg < 1, 

S 9 ( P ,2tt) 

and there is a special lagrangian submanifold L of phase such that p G L, and 

Jl 2n 
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where uj n -i denotes the volume of S n 1 with the standard metric of constant curvature 
1. Then the injectivity radius igijp) of (M,g) at p satisfies that 

i g ( pT < / Ree^n. 

As mentioned in Remark 11.41 the assumption of bounded curvature is not desirable. 
If we strengthen the condition of the existence of a special lagrangian submanifold to the 
existence of a special lagrangian fibration, we can still obtain the collapsing result in the 
absence of bounded curvature. 

Theorem 1.6. For any n € N and any e > 0, there is a constant 6 — 5(n,e) > 
satisfying that: Assume that (M,uj, J, g,fl) is a closed Ricci-fiat Calabi-Yau n-manifold, 
p 6 M, and there is a homology class A € H n (M,Z) such that, for any x G B g (p, 1), 
there is a special lagrangian submanifold L x of phase 9 passing x and presenting A, i. e. 
x € L x and [L x ] = A. If 

I Ree^ ^ < S, 

J A 

then 

Vo\ g (B g (p,l))<e. 

Let {(Mfc, u>k, Jk,9k, ^fe)} be a family of closed Ricci-flat Calabi-Yau n-manifolds, and 
{pk} be a sequence of points such that there are open subsets Wk D B gk (pk,l) in Mk 
admitting special lagrangian fibrations fu ■ Wk — ► Bk of phase 9k corresponding to 
Calabi-Yau structures (wfc,fife). If 

lim / Ree^^fifc = 0, 

where bk € Bk, Theorem 11.61 implies that 

lim Yol gk (B g Jp k ,l)) = 0, 

k *oo 

and, by passing to a subsequence, {(Mk, gk,Pk)} converges to a path metric space of lower 
Hausdorff dimension in the pointed Gromov-Hausdorff sense (c.f. [13], [4]). Theorem I l.R 
Theorem ll.5l and Theorem ll.6l give an evidence of the equivalence between the existence of 
special lagrangian submanifolds and the collapsing of Ricci-flat Kahler metrics on Calabi- 
Yau manifolds near the large complex limit point from the Riemannian geometry's point 
of view. 

Theorem 11.51 and Theorem 11.61 are special cases of corresponding theorems for Rie- 
mannian manifolds with calibration forms and calibrated submanifolds (See Section 6 
for details). Special lagrangian submanifolds in Calabi-Yau manifolds are examples of 
calibrated submanifolds. There are some other examples of calibrated submanifolds, for 
example associative and coassociative submanifolds in G2-manifolds and Cayley subman- 
ifolds in S'pm(7)-manifolds, which have deep relationships with M-theory and exceptional 
mirror symmetry (c.f. [1 26\). It is interesting to understand the interaction between 
the collapsing of G2-manifolds (resp. S'pin(7)-manifolds) and the existence of associative 
and coassociative submanifolds (resp. Cayley submanifolds). 
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The organization of the paper is as follows: In §2, we review some notions and results, 
which will be used in this paper. In §3, we use the blow-up argument to give local ap- 
proximations of Calabi-Yau manifolds by complete flat Calabi-Yau manifolds. In §4, we 
study the deformation of special lagrangian fibrations. In §5, we prove Theorem 11.11 by 
combining the results in §3 and §4. Finally, we prove Theorem [L5] and Theorem ll.6l in §6. 



Acknowledgement: The author would like to thank Prof. Weidong Ruan and Prof. 
Xiaochun Rong for useful discussions. Thanks also goes to Prof. Fuquan Fang for con- 
stantly support. 

2. Preliminaries 

In this section, we review some notions and results, which will be used in the proof of 
Theorem ll.il Theorem 11.51 and Theorem II .61 



d G H((X,d x ,x), (Y,d Y ,y)) = inf < e 



2.1. Cheeger-Gromov convergence. Since Gromov introduced the concept of Gromov- 
Hausdorff convergence in |18j , the convergence of Riemannian manifolds was studied from 
various perspectives (c.f. [2],I3],[I2],[T3],[T5],[T7|,[21],[lI],gl]and references in [5]). 
There is an extension of Gromov-Hausdorff convergence to sequences of pointed metric 
spaces for dealing with non-compact situations. 

Definition 2.1 ([18], [15]). For two pointed complete metric spaces (X,dx,x) and 
(Y, dy, y)i a map ip : (X, x) — » (Y, y) is called an e-pointed approximation if ip(B dx (x, e -1 )) C 
Bdyiy,^ 1 ), ip(x) = y, and tp\ Bdx {x,e- 1 ) : B dx (x,e^ 1 ) — ► B dY {y,e^ 1 ) is an e-approximation, 
i.e. B dY {y,e- 1 ) C {y 1 £ Y\d Y (y', ^(B dx (x, er 1 ))) < e}, and 

\dx(xi,x 2 ) - d Y (ip(xi),4>(x 2 ))\ < e 

for any x\ and x 2 £ B dx (x, e _1 ). The number 

There are e — pointed approximations 
^ : (X, x) -» (Y, y), and : (Y, y) -> (X, x) 

is called pointed Gromov-Hausdorff distance between (X,dx,x) and (Y,dy,y)- We say 
that a family of pointed complete metric spaces [Xk, dx k , Xk) converges to a complete 
metric space (Y, dy,y) in the pointed Gromov-Hausdorff sense, if 

lim d G H{(X k ,d Xk ,x k ),(Y,d Y ,y)) = 0. 

k — >oo 

The following is the famous Gromov pre-compactness theorem: 

Theorem 2.2 (|18j). Let {(M&, gk,Pk)} be a family of pointed complete Riemannian 
manifolds such that Ricci curvatures Ric(gfe) > — C for a constant C in-dependent of k. 
Then, a subsequence of (Affc, gk,Pk) converges to a pointed complete path metric space 
(Y,dy,y) in the pointed Gromov-Hausdorff sense. 

This theorem shows that a family of pointed complete Ricci-flat Einstein manifolds 
converges to a pointed complete path metric space by passing to a subsequence in the 
pointed Gromov-Hausdorff sense. The structure of the limit space was studied in [B], 
|13j . [8] and [12] etc. We need the following result in the proof of Theorem 11.61 

Theorem 2.3 ([6j, [5]). Let {(Mk, 9ktPk)} be a family of pointed complete Ricci-flat 
Einstein n-manifolds, i.e. Kic(gk) = 0, such that 

Vo\ 9k (B gk (p k ,l))>C, 
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for a constant C in-dependent ofk, and (Y, dy,y) be a pointed complete path metric space 
such that 

lim d G H({M k ,g k ,p k ),(Y,d Y ,y)) = 0. 

k — >oo 

Then the Hausdorff dimension dirn^ Y = n, and there is a closed subset Sy C Y of 
Hausdorff dimension dim-^ Sy < n — 1 such that Y\Sy is a n-manifold, and dy is 
induced by a Ricci-flat Einstein metric g^ on Y\Sy. Furthermore, for any compact 
subset D C Y\Sy , there are embeddings F k u '■ D — ► M k such that F£ D g k converges to 
<7oo in the C°° -sense. 

In [18] and [17], a convergence theorem, the Cheeger-Gromov convergence theorem, 
was proved for Riemannian manifolds with bounded curvature and non-collapsing. The 
Kahler version of this theorem can be found in [36]. See [12] for the convergence of 
manifolds with other holonomy groups. 

Theorem 2.4 (Kahler version of Cheeger-Gromov convergence theorem). Let 

{(Mfc, g kl J kl uJ k ,p k )} be a family of pointed compact Kahler n-manifolds with sectional 
curvature and injectivity radius at p k 

\K 9k \<l, i g M>c, 

for a constant C > independent of k. Then a subsequence of {{M k , g kl J k ,LUkiPk)} 
converges to a complete Kahler n-manifold (X, g, J,u,p) in the pointed C l a -sense, i.e. 
for any r > 0, there are embeddings F k _ r ■ B g {p, r) — ► M k such that F k . r {p) = Pk, F kr 9k 
(resp. dFj7^J k dF k ^ r and F^ r u> k ) converges to g (resp. J and uj) in the C 1 '" -sense. 

If we assume that g k are Einstein metrics, it is shown in [5] that, by passing to a 
subsequence, {(M k ,gk, Jk,u k ,Pk)} converges to (X, g, J, u>,p) in the pointed C°°-sense, 
and g is also an Einstein metric, i.e. F^ r g k (resp. dF^lJ k dF ktr and F^ r Lu k ) converges 
to g (resp. J and to) in the C°°-sense. Assume that (M k , g k , J k ,ui k ,p k ) are Ricci-flat 
Calabi-Yau manifolds, and fl k are the corresponding holomorphic volume forms. Since 
£l k are parallel, i.e. V 9k £l k = 0, for any r > 0, F^ r fl k converge to a holomorphic volume 
form Q on X in the C°°-sense, and (X, g, J, to, O) is a complete Ricci-flat Calabi-Yau 
n-manifold. 

In (10] . |11| . the collapsing of Riemannian manifolds with bounded curvature was 
studied by combining blow-up arguments and the Cheeger-Gromov convergence theorem. 
It was shown that there is a constant eo(n) > depending only on n such that there is 
an .F-structure T of positive rank on a region covering M Co in a Riemannian rt-manifold 
(M,g), where M €o denotes the subset with injectivity radius i g {p) < eo and sectional 
curvature sup \K g \ < 1, for any p € M t0 . See [10] and [11] for the definition of F- 

B g (p-1) 

structure of positive rank. If we assume that g is a Kahler metric, some additional 
information about the F-structure F is expected. We have the following conjecture: 

Conjecture 2.5. For any n € N, there exists a constant e = e(n) > depending only on 
n such that, if (M, o>, J, g) is a closed Kahler n-manifold with [u>] G H 2 (M,Z,), and 

M e = {peM\ i g (p)<e, sup \K g \<l}, 

B g (p,l) 

then there is an open subset W C M such that W D M e) and W admits an F-structure 
T of positive rank, whose orbits O p , p£ M e) are isotropic submanifolds of (M,u>), i.e. 

u\o p = 0. 
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We will address this question in other papers. In the present paper, we prove Theorem 
ll.ll bv combining Theorcm l 2.41 and the deformation theory of special lagrangian hbrations. 

2.2. A comparison theorem for calibrated submanifolds. In [27 , Harvey and Law- 
son introduced the notion of calibrated submanifold. If (M, g) is a Riemannian manifold, 
and is a closed n-form such that 0|j < di)£ for any oriented n-plane £ in the tangent 
bundle of M, then is called a calibration on M, where dv^ denotes the volume form 
on £. An oriented n-submanifold L of M is called calibrated by the calibration 0, if 
0|l equals to the volume form of on L. Mclean studied the deformation theory of 
calibrated submanifolds in [34] . 

There are some examples of calibrated submanifolds: holomorphic submanifolds in 
Kahler manifolds, special lagrangian submanifolds in Calabi-Yau manifolds, associa- 
tive coassociative submanifolds in G2-nianifolds, and Cayley submanifolds in Spin(7)- 
manifolds (c.f. [57] [53]) etc. If (M, oj, J, g) is a Kahler m-manifold, then —,<jj n , n < m, 
are calibrations on M, and holomorphic n-submanifolds are calibrated by -^jUJ n . If 
(M,u>, J, g,Q) is a Ricci-flat Calabi-Yau n-manifold, then, for any 9 G K, Ree v/ ~ T6 'il 
is a calibration on M, and a special lagrangian submanifold L of phase 9 is calibrated 
by Ree v/ ~ Te f2. If (M, g) is a Riemannian manifold with holonomy group G2, then M 
admits a parallel 3-form 4>, which is a calibration on M, and * g <fi is a calibration 4-form 
on M. Submanifolds calibrated by 4> are called associative submanifolds, and subman- 
ifolds calibrated by * g 4> are called coassociative submanifolds (c.f. [1H])- If (M,g) is a 
Riemannian manifold with holonomy group Spin(7), then M admits a calibration 4-form 
f2, and Cayley submanifolds are submanifolds calibrated by £1 (c.f. ,29]). 

In [20] . a volume comparison theorem for calibrated submanifolds was obtained. 

Theorem 2.6 (Theorem 2.0.1. in [10]). Let (M,g) be a closed Riemannian manifold, 
be a calibration n-form, and p € M. Assume that the sectional curvature K g satisfies 

sup K g < A, A > 0, 

and there is a submanifold L calibrated by such that p € L. Then 

Vol g (B g (p,r)nL)>Vol hl (B hl (r)), 
for any r < min{z ff (p), 7^}, where hi denotes the standard metric on S n with constant 
curvature A , and B} lt {r) denotes a metric r-ball in S n . 

2.3. Implicit function theorem. For studying the deformation of special lagrangian 
fibrations, we need the following quantity version of implicit function theorem. 

Theorem 2.7 (Theorem 3.2 in [37]). Let (95i, || • ||i) and («8 2 , || ■ || 2 ) be two Banach 
spaces, || -\\e be the standard Euclidean metric on W 1 , U C K™ x Si be an open set, and 
^ : U — ► be a continuously differentiable map. Denote the differential 

D$(y, o)(y + a) = D y ${y, a)y + D a $(y, a)&, 

for (y,a) £ U, y £ R n and a G Assume that (0,0) G U satisfies that £^£(0,0) : 
!Bi — > S 2 has a bounded linear inverse D a $(0, 0)" 1 : S 2 — > 5Bi with 

11^(0, 0)" 1 1| <c 

for a constant C > 0. Let r > 0, 5q > S > be constants such that, if \\yo\\E < r, and 
IMIi < <^0) iften (2/0 if) G U, and 

1 (5 
11^(2/0,^-^(0,0)11 < -= and ||ff(y , 0)|| 2 < -=• 
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Then, for any \\u\\e < r, there exists a unique <r(y) G 2ii such that 

d(y,a(y)) = 0, \\a(y)\\i < 6. 

Furthermore, 

Dv(y)y = -D <J $(y,o-y 1 D y $(y,cr)y. 

The difference between this version of implicit function theorem and the usual one (c.f. 
[25] ) is that we use the condition ||#(y, 0)||2 < ^= to replace the condition 5(0,0) = 
besides other quantity estimates. 

3. The blow-up limit 

Let {(Mk,u>k, Jk, gk,^k)} be a family of closed Ricci-flat Calabi-Yau n-manifold with 
[oj k ] € H 2 (M k ,Z), andp fe € M k . Assume that 

i) the injectivity radius and the sectional curvature 

i 9k (Pk)< T , sup \K gk \<i, 
K B Bk (p h ,i) 

ii) there is a a > 1 such that [^k\B gk ( Pk ,ai gk (p k ))] ^ in H n {B 9k {x k , ai gk (p k )), C). 
If we denote Q k = i~ k {pk)^k, 9k = ig k ipk)gk, and Cl k = i~ k n (p k )flk, then 

and [^fc|_Bg fe ( Pfc ,o-)] 7^ in H n (B gk (p k ,a),C). By the Cheeger-Gromov's convergence theo- 
rem (c.f. Theorem 12 .4[> . a subsequence of (Mfc, ui k ,g k , Jk,^k,Pk) converges to a complete 
flat Calabi-Yau n-manifold (X, loq, go, Jo, OojPo) m the C°°-sense, i.e. for any r > a, 
there are embeddings F r ,k ■ B ga (po, r) — > Mfe such that F Tik (po) = p k , and F* k g k (resp. 
F* k u)k and F* k tl k ) converges to 50 (resp. wo and fio) in the C°°-sense. The purpose of 
this section is to prove that (X,u>q,£Iq) admits a special lagrangian fibration. 

By the smooth convergence, i go (po) = lim ig k {pk) = 1- The soul theorem (c.f. 

h — >oo 

|35j ) implies that there is a compact flat totally geodesic submanifold S <Z X , the soul, 
such that (X, go) is isometric to the total space of the normal bundle v{S) with a metric 
induced by go\s and a natural flat connection. 

Lemma 3.1. dimR S > n. 

Proof. If dimR S < n, then 

H n (X,C) = H n (T r (S),C) = H"(S,C) = {0} 

for any r > 0, where T r (S) — {p E X\dist go (p, S) < r}. Let ro > r± > a such that 
T ri (S) C B go (xo,ro), and F r0tk (T ri (S)) D B gk (x k ,a) for k 3> 1. Then the inclusion 
maps induce homeomorphisms on cohomology groups 

H n (M,C) — > i/"(F ro , fe (T ri (5)),C) — > F > (fl5 k (i tl i7) ) C) 1 
and [fi fc ] i-> [^ fc |F ro , fc (T ri (s))] i-> [fifelBgJ^.o-)] 7^ 0. 
Thus [^fc|f ro , fc (T ri (S))] 7^ in H n (F rQ , k (T ri (S)),C), which contradicts to 
H n (F r0;fc (T ri (5)),C) - iT(T ri (S),C) = {0}. 

□ 
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If TTh • S — ► S is the holonomy covering of S, Bieberbach's theorem (c.f. [IT], [35] ) 
says that (5, n^go) is isometric to a flat torus, and Hh has finite order at most A(n), for a 
constant X(n) depending only on n. If we denote ff : C™ — > X the universal covering of 
X with 7f(0) £ S, then S — tv~ 1 (S) is a real linear subspace of C", and lue — k*ujq (resp. 
VLe = 7r*^o) is the standard flat Kahler form (resp. the standard holomorphic volume 
form), i.e. u>e — V~ 1 J2a d z a A dzo, and Q,e — dz\ A • • • A cte n under some coordinates 
z-y, ■ ■ ■ ,z n on C™. Note that there is a lattice A C S such that S — S/A. If we denote 
q : S — ► S the quotient map, then 7f = 7T/, o q. 

Lemma 3.2. dimR S = n, and there is a constant 9q £ R swc/i that uje\s = and 
Ime v/3 ^ e °r2£;|5 = 0. Moreover, S is a special lagrangian submanifold of phase 9q in 
(X,ojo,Qq), i.e. dimRiS' = n, 

uj \ s = 0, and Ime^^fiols = 0. 

Proof. If cl>_e|,5 0, and thus cjo|s ^ 0, then there are two vectors v\,v 2 £ S such 
that uje(v\ 1 V2) > 0. By perturbing v\ and «2 a little bit if necessary, we have that 
E = q({tiUi +t2«2|ti € R}) is a closed 2-torus in S, i.e. a closed 2-parameters subgroup. 
Thus E = 7T/j(E) is a closed oriented surface in S, which satisfies 

K n ) Jt A(n)||«i A« 2 |U E 

where Vg denotes the Euclidean area of the intersection of {t\V\ + t-zV<i\ti £ R} with the 
fundamental domain of the quotient map q. From the smooth convergence of (Mk,u>k, 9k), 

lim i~^(pk) / w fc = lim / = lim / F* k Co k = I u) , 

k >°° JFrM^) ™JF,. t (E) k >00 J£ ' JS 

for r » I such that E C B go (po,r). Thus 

< o*fl*(P*) / w ° - / Wfe - 2i «*(P*) / w o < 2£T 2 / w < 1, 
for fc > 1. Since [F r , fe (E)] e H 2 {M k ,Z) and [w fc ] e H 2 (M k ,Z), we obtain 



which is a contradiction. Hence uje\s = an d ^ols = 0, which implies that S 1 is a 
lagrangian submanifold (X,ujq) by combining Lemma I3TT1 

Since 5 is a lagrangian linear subspace of (C n ,we), there is a 6?o G R such that 
liRe^~^ e °rtE\s = 0- This implies that S is a special lagrangian linear subspace of phase 
9q in (C n ,u>E, fijs)- Thus 5* is a special lagrangian submanifold of phase 6*o in (X, u>o, ^o), 
i.e. 

lu \s = 0, Ime^^ds = 0. 

□ 

Lemma 3.3. For k > 1, [F,* fc w fc | s ] = in iJ 2 (5,R). 
Proof. By the smooth convergence of cDfc and Lemma 



fe- 



lim / [u k = I iv = 
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for any cycle A G #2 (5*, Z). For k » 1, we have 

I / Wfc| =»a>fc)l / w fc | < < L 

JF r , k (A) JF r}k (A) 

Since [-F r ,fe(-4)] € H 2 (M k ,Z) and [w fe ] e H 2 (M k ,Z), we obtain / Frfc(A) w fc G Z. This 
implies that | / F =0, and we obtain the conclusion 

/ ^r.fe^fe = 0. 

□ 

Let X be the total space of the pull-back tt^i/(S) of the normal bundle. Note that we 
can identify the zero section of ir^y{S) with S, and the covering TTh extends to a finite 
covering it : X — > X of X, i.e. S = tt^ 1 (S) C X, and 7r| j, = 7r^. The fundamental 
group ni(S) = tti(X) is isomorphic to the lattice A, ni(X) is a normal subgroup of 
tti(X) = tti(S'), and the covering group T = tti(S)/tti(S) = tti{X) / '-k\{X) . Note that 
tti(X) (resp. wi(X)) acts on C n preserving g E ,u) E and Qe, S is invariant, X = C n /iri(X) 
(resp. X = C n /7n(X)), and 5 - S/tt^S) = S/A (resp. S = S/tt^S)). 

Proposition 3.4. Let S 1 - be the orthogonal complement of S in C n , i.e. C™ = S S ± , 

and Qe(v, w) — 0, for any v G S and w G S 1 - . Then 

i) (X,ir*g ) is isometric to (T™ x S^,h + h E ), where T n = S/A — S, h E = ffsls-L, 
and h is the standard flat metric on T n induced by gs\§- 

ii) The action ofT on X is a product action, i.e. there are T -actions on T n and S 1 - 
such that 7 • (x, y) — (7 • x, 7 • y) for any 7 G T, x G T n and y G S 1 - . Furthermore, 
T n x {0} is T-invamant, and S = ir(T n x {0}) = (T n x {0})/r. 

iii) 

7r*w |T"x{y} = 0, and n*Ime^ 0a Q o \T"x{y} = 0, 
for any y G S 1 - , and a constant 8 n G K. 

Proof. We choose coordinates x\, ■ ■ ■ , x n on S and y\ , • • • , y n on S 1 - such that 

n 

g E = ^2(dx 2 3 + dy 2 ), u) E = ^ dzj A <%, e^ 18 "^ = f\ (dxj + y/^ldyj). 

3=1 

If Q is a subgroup of the fundamental group tti(X) — iri(S), then Q acts on C™ 
preserving g E , <jOe and fig, and 5 is a invariant subspace. For any 7 6 5, we have 
7 • (u + 10) = G~ ( (v + w) + b-y, where G 7 € C/(C™), b 1 G S, v G S and w € S- 1 . Since 
5 is invariant, we obtain then G 7 (v + w) = A^v + _B 7 w + G 7 to where A 7 G SO(S), 
B 7 e SO(S~^~), and G 7 G Hom{S ± , S). Moreover, G 7 e ^(R 2 ") implies C 7 = 0. Since 
We;(G 7 (w+w), G 7 (w+w)) = t^£;(i;+w, v+w), we have _B 7 = A^ 1,7 " = A y , and -f-(v+w) = 
A 7 (v + w) + by. Thus tti(X) = A acts on C n given by 7 • (w + w) = v + w + 6 7 , 6 7 € A, 
for any v e 5 and w e .S- 1 . This implies that X = C n /i^{X) ^ S/A x S^ = S x S^, 
and TV* go = h + hs where h E = and /i is the standard flat metric on S induced 

by .geb- 

The 7Ti(AT)-action on C™ descents to a F-action on X, which is a product action since 
the 7Ti(AT)-action is so. Moreover, S x {0} is a invariant set as S x {0} is invariant 
under the 7ri(AT)-action. If we denote the quotient map qi : C n — ► C n /A = X, then 
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7r = 7r o qi, = qlir*go, loe = qln*u)o, and Qe = ql^flo- Since ujE\§x{y} — an d 
e^ le °Q, E \sx{y} = for y G S 1 - , we obtain that 

ir*uj a \ Tnx{y} = 0, and 7r*Ime^ /=T<?o ft |T«x{j/} = 0, 
for a constant 9 € M. □ 

Remark 3.5. The coordinates xi, • • • , x„ on S in the proof of this proposition induce par- 
allel 1-forms dxi , ■ ■ ■ , dx n on (S, h) which are pointwise linear independent, i.e. cixi , • • • , dx 
is a global parallel frame field. Under the coordinates yi , • • • , y n on S 1 - , we have these 
formulas 

n 

it* g = ^{dx] + dy]), tt*w = dx J A e^^ir*^ = f\ {dxj + V^ldy-j). 

j=i 

Remark 3.6. The natural projection fo : X — > S is equivariant under the T actions on 
X and S- 1 . For any y e S- 1 , f Q ' 1 (y) = S x {y}, and fo is a special lagrangian fibration 
on {X,-K*u) Q ,e'J ZIleQ n*Q.o), i-e. dimu/^^y) = n, 

^b) s0 - e ^ 07r ^oi /o - 1(y) - o. 



4. Local special lagrangian fibrations 

In this section, we study the deformation of special lagrangian fibrations under the 
convergence of Calabi-Yau metrics. Let (Y, u, g, J, Q) be a complete flat Calabi-Yau n- 
manifold. 

Condition 4.1. Assume that 

i) Y = T n x K™, g = h + He, and the natural projection f : Y — ► R n is a special 
lagrangian fibration of (Y,u),Cl), where T n = R"/A is a torus, A is a lattice in 
K™ , He is the standard Euclidean metric on M. n , and h is the standard flat metric 
induced by He- 

ii) We assume that there are parallel 1-forms dx\,--- ,dx n on (T n ,h), which are 
pointwise linear independent, and coordinates y\ , • • • , y n on R™ such that 

n 

g = h + hE = ^^(rfXj + dy^), oj = dxj A dyj, O = f\ (dxj + ^/~^\dyj). 

j=i 

iii) There is a family of Calabi-Yau structures (iVk,g k , Jk,^k) converging to (to, g, J, fl) 
in the C°° -sense on Y 2r = T n x B, lE (0, 2r) for ar» 1, where B hE (0, 2r) = {y G 
R n \\\y\\h E < 2r}. Moreover, uj k G [uj] G H 2 (Y 2r ,R). 

vi) There is a finite group T acting on Y 2r preserving u>k,g k ,£lk, w, g, Q,, and T n x {0} 
is a invariant set. The V -action is a product action on T n x £>/ lE (0,2r). The 
natural projection f : Y — > W 1 is T -equivariant. 

The goal of this section is to construct equivariant special lagrangian fibrations on 
(Y r ,Lu k ,Q k ) for k > 1. 

Denote L = T n x {0}, which is a special lagrangian submanifold of (Y, u),fl), i.e. 
uj\ l = and Imilli = 0. Note that we can identify Y with the total space of the normal 
bundle v(L) by the exponential map from v(L) to Y, exp ig : {x,^2j Vj-^p) l— * ( x >y) 
where x G L and y = (j/i, ■ ■ ■ , y n )- There is a canonical bundle isomorphism from v{L) 
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to the cotangent bundle T*L given by v <— > l(v)uj where v G v x (V). Thus we can identify 
Y with the total space of T*L by the map 

(!) (x,y) ^ (x,L(22yj—)uj) = (x^yjdxj), 

i ° Vj J 

where x S L and y — (yi, ■ ■ ■ ,y n ) G R™. We do not distinguish Y with T*L in this 
section for convenience. For a 1-form a on L, and a y G R™, which can be regarded as a 
1-form from above, 

L iv, a) = {( x , V + °{ x ))\ x € L ) 
denotes the graph of y + a, i.e. y = ^ yjdxj, a = o~jdxj, and 

^(j/) 0- ) = {(x,yi + o"i(x), • • • , j/„ + o- n (x))|x e L}. 

There are two constants a k > and 0^ € R, for any k, such that 

/ O fe = a k e-^ 6k I flo = ake'^ " [ Refi , 
Jl Jl Jl 

lim a k = 1 and lim 9 k — by the smooth convergence of f2fc. There are real 1-forms 

k >oo k >oo 

a k and complex value (n — l)-forms f3 k such that 

uj k =uj q - da k , il k = a k e~^ l9k (fi + d(3 k ) 
by Wfe G [w] G i? 2 (Y2 r , R) ■ By the smooth convergence of io k and Vt k , 

(2) lim \\da>k\\c 2 (Y 2r ,g) = , lim \\d/3 k \\c 2 (Y 2r ,g) = 0. 

k >oo k >oo 

Define a diffcomorphism II : L — ► L(y,a) by x i— > (x, y + cr(x)) for a j/ G R n and a 
1-form a on L. If 

(3) 5fc(y,cr) = (-ITwfcli^), * ft a A : 1 II*Ime v/ ^ Te ' t f7 fe | L(2/i(T )), 

where */, is the Hodge star operator on (L,h), then L(y,a) is a special lagrangian sub- 
manifold of (y, Wfc, f2fc) of phase #fc if and only if 

= 0. 

A straightforward calculation (c.f. [M]) gives 

(4) $k{y,o) = (da + n*da k \L(y,cr),*hd *h <? + *h~R*dIrnf3 k \ L ( y ^). 

We denote f2 J '(L) the space of j-forms on L, and define two Banach spaces 2$i = 
C 1 ' a (dn°(L)®d* h Q 2 (L)) and<8 2 = C°' a (dn 1 (L)®d* h n 1 (L)). Then 3^ defines a smooth 
map £ fe : U(r) — > Q3 2 for any fc, where W(r) = {\\y\\h E + Ikllc^liA) < 2 r\(y,o) e 
1" x 

Lemma 4.2. for any y £ i?^, E (0, 2r), 

ll5 r fc(2/ I 0)|| c o,c (L , l) < C||(da fc ,d/3fe)|| c i, Q( y 2rig ), 
/or a constant C independent of k. 
Proof. Since 

$k(y,0) = (U*da k \ L ( yfi) ,* h Il*dImf3 k \ Liyfi )), 
we obtain the conclusion by straightforward calculations. □ 
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The differentials of $ k (y, c) are 

(5) D a $ k (y, a)& = {da, * h d * h a) + (D (7 (n*da k \ L (y t(T ))&, * ft D .(IT*dIm ( 9fe| i ( J/iCT ))a-), 

(6) D y $ k (y, a)y = (A, (IT da k \ L{y ^))y, * h D y (n*dlm(3 k \ L{y:t7) )y) 

and D3 k (y, a)(y + a) = Do-$ k (y,a)& + D y '$ k {y,cr)y. 
Under the frame field dx±, ■ ■ ■ , dx n and coordinates y\, ■ ■ ■ ,y n , 

da k = '^{ak^jdxi A dxj + a k ^ n+j) dxi A dy + atk,( n +i)(n+j)dyi A dyj). 

ij 

The differential is 

d(y, 

D(n*dak\L( y ,a))(y + cr) = /X g ' lJ (ill + eri)dxi A dxj + afc.-tCn+j) dxj A rf<7j 

^^fc i(n+j) 

H 7^ W + 0"i) rfa; j A do J + a k,(n+i)(n+j)do-i A <2<7j 

aa Mn+0(n +J -) ( . |+ . |)dffiAd ) 

oyi 

We obtain 

( 7 ) \\Da(da k \ L )&\\ c o, a(L:h) < C\\da k \\ c i,«(Y 2r , g )\\cr\\ci.«(L,h), 
\\D a (JL*da k \ L{yt(T) )&\\ c o, a{Lth) < C\\da k \\ c i,c*(Y 2r ,g)( Y W a \\ l c^(L,h))\\ & \\c^"(L,h), 

1=0,1,2 

\\D y (U*da k \ L{ytl7) )y\\co. a{L M ) < C\\da k \\c^(Y 2r .,g)( Y \\ a \\c^(L,h))\\y\\h E , 

1=0,1,2 

for a constant C independent of k. The same argument gives 

(8) \\D a {dlm(3 k \ L )a\\co,<*(L,h) < C\\df3 k \\ c i. a{Y2r:g) \\&\\c^"(L,h), 
\\D a (Tl*<Rml3 k \ LM )&\\c<>,<x(L,h) < C\Wk\\c^[Y 2r , g ){ Y \\ a \\c^(L,h))\\ & \\c^(L,h), 

1=0,1,-- ,n 

\\D v {Jl*d\mf3 k \ L{ y >(T) )y\\c ,«{L,h) < C\Wk\\c^(Y 2T , g ){ Y \\ a \\&-<*(L,h))\\v\\hB- 

1=0,1,— ,n 

Lemma 4.3. The operator D a $ k (0,0) is invertible for k 3> 1, and 

HAr^o)- 1 !! <c, 

for a constant C > independent of k. 
Proof. Note that 

D a dk(0,0)a = (da,* h d* h &) + (D (7 (da k \ L )&,* h D <7 (dImP k \L)6-) = (V + V k )&, 

where T> = d — *hd*h is the restriction of the Hodge Dirac operator d + d* h on the space 
of 1-forms, and, thus, is an elliptic operator of 1-order. By the standard elliptic estimate 
(c.f. Proposition 1.5.2 in [55] and [IS]), we have 

u\\c^(L,h)<c s m\\ c0 , aiLth) , 

for any £ € 9$i, and a constant Cs independent of k. Hence T> is injective. From the 
definition of 5$2, T> is also surjective, which implies that V is invertible from 25i to 5$2- 
Moreover, 

Wv-'W <c s . 
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By © and ©, 

\\V k \\<C\\(da k ,df3 k )\\ci,* { Y 2r , g )<^j- 



for k 3> 1, and, thus, 



l|2?-V fc || < \. 



By the standard operator's theory (c.f. [42J, D a $ k (0, 0) = T> + V k is invertible, and the 
inverse operator is defined by 

oo 

DM0,0)- 1 = EC-l^XrW)!?- 1 . 

j=o 

We obtain 

oo 

WDMo.oyH < (E 2 " J )II C_1 H^ 

for a constant C > independent of fc. □ 

Lemma 4.4. For any 5o <C 1, i/iere is a constant fco » 1 such that, if \\y\\h E < *y om-d 
ll cr llc 1 ' <s (i,W < ^0; and k > /co; ^en 

\\D a Z k (y,a)-D a Z k (0,Q)\\ < j=. 

Furthermore, D a ^ k {y,a) is also invertible, and 

\\DMy,&)- x \\<273. 

Proof. By ©, 

{D a 3 k (y,a)- D a 5k{0,0j)o- = ((D a (U* da k \ L{y ^ } ) - D a (da k \ L ))&, 

* h (D a {U*dlm0 k \ LiVta) ) - D a (dlmp k \ L ))&). 

We can take afco>l such that, for k > ko, 

\\DMV, v) - D„d k (0,0)\\ < 2C\\(da k ,d0 k )\\cu HY2r , g) ( £ \\a\\ l cl , a ^ h) ) 

1=0,1,-- ,n 

< 2C\\(da k ,df3 k )\\ c i, a (Y 2r: g)n5o 
1 

by ©j ® and ©. We obtain the first formula in the conclusion. 

Note that D a $ k (y, a) = D^$ k (0, 0) + {D a $ k {y, a) - D a $ k {0, 0)), D CT # fe (0, 0) is invert- 
ible, and \\D a $ k (0, 0) _1 | < C. By the same arguments as in the proof of Lemma [4.3[ 
and 

\\DMo,o)~ x (DMy,<r) - dmo,o))\\ < ~, 

D a $ k {y,o-) is also invertible, and 

oo 

\\D a $ k {y,°)- l \\ < (£,2-i)\\DMW)~ 1 \\ < 2 c. 

3=0 

□ 
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Lemma 4.5. For a fixed 6 < So, there is a ki > ko such that, for any y £ Bh E (0, ^) 
and k > k\, there is a unique o~k(y) G^i, such that 

$k{y,o-k{y)) = 0, Wo-kiyjWc^-iLji) < 8, 

which implies that L(y, o~ k (y)) is a special lagrangian submanifold of (Y2 r , uj k , &k)- Fur- 
thermore, 

\\Da k (y)\\ < 2nSCC\\(da k ,dp k )\\ c ^ { Y 2r , g ), 
for a constant C independent of k. 

Proof. Fix a 8 < So, there is a k\ > ko such that, for k > k\, and any y € Bh E {0, 2r), 

llS'feC^o)!!^."^) < 

by Lemma l4~2l By Theorem [277| Lemma 1431 and 14.41 for any y G Bh E (0, 4p) and k > ki, 
there is a unique a k (y) 6 !Bi such that 

(9) dk(y,o-k(y)) = o, \\o-k{y)\W'<*{L,h) < 8, 

which implies that L{y, a k (y)) is a special lagrangian submanifold of (^nWt, Q k ). 
By © and ©, 

\\D y $ k (y,o-k)\\ < C\\(da kl dp k )\\ c ^ (Y2r . g) ( £ || 

2=0, l,- ,n 

< C\\{da k ,dfJ k )\\ c i, a{ Y 2r , g) n6, 
for a constant C independent of k. By Theorem 12.71 

Dcr k (y)y = CT fe ) _1 i}y#fc(y, tr^y. 

We obtain the conclusion from Lemma I4T41 □ 

Proposition 4.6. For k ^> 1, there is an open set Yz r D W k D Y r such that (W k ,oj k , Q. k ) 

admits a equivariant special lagrangian fibration f k : W k ► B k of phase 9 k over B k C 

W 1 , i.e. there is a T-action on B k , f k is a T-equivariant map, and f k is a special 
lagrangian fibration of phase 9 k , i.e. 

for any b € B k . 

Proof. By Lemma 14.51 there is a unique C^-map 

a k :B hE (0,-)—,C 1 ' a (dn°(T n )(5d*-n 2 (T n )), by y»a k (y), 



which satisfies 



This implies 



$k(y,o- k (y)) = 0, \\o- k {y)\\ c ^-(L.h) < 8 < 1, 
and \\Da k {y)\\ < 2n8CC\\(da k , df3 k )\\ c ^c(Y 2r ,g)- 

i d(Tk ^ y l\ < 2nSCC\\(da k ,df3 k )\\ c ^(Y 2r , g ) « L 



dyt 

for k > ki > 1. 

Define a map : Yz r — > Y^ r by 

*fc : ^ (x,yi +o-k,i(y),-- ■ ,y n + °~k,n(y)) = (x,y + °~k(y))- 
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d$ k : (x, y) h-> (xj + XiiVj + Y 



Note that the frame field dxi, • • • , dx n induces local coordinates xi, ■ ■ ■ ,x n around any 
point on L, and the differential can be expressed as 

under such local coordinates. Thus d^ k is an isomorphism when k 3> f , which implies 
that ty k is an immersion. Furthermore, for y\ ^ y 2 € M n , 

*fe(z,Z/2j - **(ar,J/i) = {x,---,l (H * «*)(j/2,j - Vi,j), • • • ) 

^ o. 

Hence 'J'fc is an embedding. 

Note that the T-action on l2 r = T n x £>/ lE (0, 2r) preserves w*, Ofe, w, g, SI, and is a 
product action on T n x Bh B (0, 2r), i.e. there are T-actions on T™ and Bh E (0, 2r) such 
that 7 • (x,y) = (7 • a;, 7 • y) for any 7 6 T, x £ T™, and y € Bh B (0, 2r). Under the 
identification map JT]), 

d d 
(7- a;,7- y) = (7- x,t(7*2jyj— )w) = (7 • x, 7*w(^ y^ — , 7^ 1 -)) 

3 

Thus 

7 • L(y,a k (y)) = {(7 • x,7 • (y x + a k ,i(y)(x), ■■■ ,y n + a k , n (y)(x)))\x G T n } 

= {(7 • x, 7 " M J2(V3 + ^Ay)^))dx 3 \x e r"} 
3 

= Hi ■ y,i~ l, *°k{y)), 

for any 7 G T and y G Bh E (0,2r). Since the T-action preserves Wfc and Q/., £(7 ■ 
y,J~ 1 '*o'k{y)) are special lagrangian submanifolds. By the uniqueness of a k (y) , 7~ 1: *Ofc(y) 
cr fe ( 7 • y) G C 1 ' a (dn°(T n ) © d*»ft 2 (T")). Hence 

*fc(7 • x,7 • v) = (1 - x ,i -y + °k{i -y)) 

= (7 • x^ 1 '* + a k j(y))dxj) 

3 

= (7-^7- (2/1 + cr fe,l(y),' ' ' .yn + O'fc.nCl/))) 
= 7-*fcO>J/)> 

i.e. is a T-equivariant map. 

We denote V : Y 2r — ► Bh E (0, 2r) the natural projection, B k — B/ lE (0, |r) and 
HOc = v t , / c (Y3 r ). Since the T-action on B/ lE (0, 2r) preserves the metric Tig and 0, = 

B/, B (0, |r) is invariant. By <J < 1 < W k D Y r . Then /^Po^ 1 : W k — ► B k is 
a T-equivariant special lagrangian fibration of (W k ,u> k ,tt k ) of phase 6>fc. We obtain the 
conclusion. □ 



5. Proof of THEOREM lf.fi 
Now we are ready to prove Theorem 11.11 
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Proof of Theorem \l.l\ Assume that the conclusion is not true. Then, for any fixed a > 1, 
there is a family of closed Ricci-flat Calabi-Yau n-manifolds {(Mk,o->k, Jk, gk,^k)} with 
[u)k] S H 2 (M k , Z), and p k G M k such that 

i) the injectivity radius and the sectional curvature 

i g k (Pk)<r, sup \K gk \<l, 

k B gk ( Pk ,i) 

ii) l n k\B gk (p k .*i gk ( Pk ))} ^ in H n (Bg k (p k ,(ji gk (pk)),C). 

iii) for any open subset W k D B gk (pk,cri gk (pk)), (W k ,uJk, fife) wouldn't admit special 
lagrangian fibrations. 

If we denote Cu k = i~ k (pk)oJk, 9k = i gk i.Pk)gk, and Qk = i~ k n (pk)^k, then 
ig h (Pk) = l, sup \K Sh \<T^, 

B Sk (Pk,k) « 

and [&k\B gk ( Pk ,a)] 7^ in H n (B gk (pk,o-), < C). By the Cheeger-Gromov's convergence theo- 
rem (c.f. Theorem 12 .4[) . a subsequence of (Mk, u>k, <jk, Jk,&k,Pk) converges to a complete 
flat Calabi-Yau n-manifold (X, loo, go, Jo, f2o>Po) m the C°°-sense, i.e. for any r > a, 
there are embeddings F r ,k ■ B go (po, r) — > Mk such that F r ^{po) = Pk, and F* k gk (resp. 
F* k uik and F* k &k) converges to 50 (resp. ujo and f2 ) m the C°°-sense. Furthermore, 
i go (po) = I- The soul theorem (c.f. [11], [35]) implies that there is a compact flat totally 
geodesic submanifold S C X, the soul, such that (X,go) is isometric to the total space 
of the normal bundle v(S) with a metric induced by go \s and a natural flat connection. 

By Proposition (|3.4p . there is a finite normal covering 7r : X — ► X with covering 
group T such that 

i) (X, TT*g ) is isometric to (T n x E™, ft + ft s ), where T" = K ,l /A, A is a lattice in 
R n , He is the standard Euclidean metric on E™, and ft is the standard flat metric 
on T n induced by He- 

ii) The action of T on X is a product action, i.e. there are T-actions on T n and 
1" such that 7 • (x, y) = (7 • x, 7 ■ y) for any ir G T™ and ?/ G R". Furthermore, 
T" x {0} is T-invariant, and S = (T n x {0})/r. 

iii) _ 
TT*ojo\ T ^x{y} = 0, and 7r*Ime A/ ^ Teo Qo|r«x{^} = 0, 

for any y G R n , and a constant 9 G R. 

Note that the T-action on R n preserves He, and, Bh E (0,p), which implies that X p — 
T n x B hE (0,p) are invariant, for any p > 0. Lemma (I3.3|) shows [i r * fc Wfc|,s] = in 

i? 2 (5,R), for k > 1, which implies [7r*F* fc w fc |^ ] = in ii^X^K), for any p > 0. By 
Remark (|3.5p . there are parallel 1-forms dx\,--- ,dx n on (T n ,ft), which are pointwise 
linear independent, and coordinates yi, ■ ■ • ,y n on R n such that 

n 

n*9a = ^(dtf + dy f^ 7r * w ° = dx i A dy i' e v/3Te °7r*ft = f\ (dxj + V^Tdyj). 

3=1 

Hence Condition 14.11 is satisfied. 

Let r > p ^> a such that B go (po,<j) C tt(X p ) C 7r(X2 P ) C B go (po,r). By Proposition 
(|4.6|) . for k > 1, there is an open set Wfc D X p such that (Wfc,7r*F* fe o;fe, ir*F* k rt k ) admits 
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a equivariant special lagrangian fibration fk ■ Wk — > Bk of phase 9k, where Bk C K n , 
i.e. there is a r-action on Bk, fk is a T-equivariant map, and 

n*F* k oj k \ f -i (b) = 0, ^F^lme^^Qkl^ = 0, 

for any b E B k . Hence fk induces a special lagrangian fibration fk : 7r(Wfc) — > Bk/T, 
which implies that (F r- k ° Tr(Wk), u>k, Qk) admits a special lagrangian fibration, and F Tt k ° 
Tr(Wk) D Bg k (xk, aig k (xk))- It is a contradiction. We obtain the conclusion. □ 



6. Estimates for injectivity radius 

In this section, we prove Theorem lI.5l (Corollary RTTj) and Theorem ll.61 (Theorem 
The following estimate for injectivity radius is a direct consequence of Theorem 



Corollary 6.1. Let (M,g) be a closed Riemannian manifold, O be a calibration n-form, 
and p £ M . Assume that the sectional curvature K g satisfies 

SUP Kg < 1, 

B s (p,27r) 

and there is a submanifold L calibrated by such that diniR L — n, p G L, and 

rs n 

W < -Z-TZn-l, 
L Zn 

where n7 n _i is the volume of S"^ 1 with the standard metric of constant curvature 1. 
Then the injectivity radius i g (p) of (M, g) at p satisfies that 

2" L 'cu n -i J L 

Proof of Corollary \6.1\ and Theorem \1.5[ By Theorem 12 .61 we have 

Vol hl (B hl (r)) < Vol g (B g (p,r) n L) < Vol g (L) = J 6, 

for any r < mh\{i g {p), where h\ denotes the standard metric on S n with constant 
curvature 1, and i?/ ll (r) denotes a metric r-ball in S n . Since hi = dr 2 +sin 2 rhgn-i where 
hgn-i is the standard metric on S*™^ 1 with constant curvature 1, we obtain sinr > — r, 
and 

2^—i 

— — r r n ra7„_i 



< f sin"" 1 rdrro n _! =Vd hl (B hl (r)) < f 6. 

JO JL 



If i g {p) > \ , by letting r — 5, we obtain 



which is a contradiction. Thus i g (p) < \- By letting r = i g (p), we obtain 



We obtain Theorem 11.51 by applying the above arguments to special lagrangian sub- 



manifolds in Ricci-flat Calabi-Yau manifolds. □ 

An obvious application of Corollary 16. II is to estimate injectivity radiuses by volumes 
of holomorphic submanifolds, which has independent interests. 
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Corollary 6.2. Let (M,uj,J,g) be a closed Kahler m-manifold, and p G M. Assume 
that the sectional curvature K g satisfies 

sup Kg < 1, 

M 

and there is a smooth holomorphic n-submanifold N such that p € N , and 

(n-l)l7r _ 

LO < ZUn-1- 

IN * 

TTien i/ie injectivity radius i g (p) of (M, g) at p satisfies that 

By combining this corollary and the result in [llj . there are F-structures of positive 
rank on the regions of Kahler manifolds with bounded curvature and fibred by holomor- 
phic submanifolds with small volumes. 

Finally, we estimate the volume of metric balls when they are fibred by calibrated 
submanifolds with small volume in the absence of bounded curvature of the ambient 
manifolds. 

Theorem 6.3. For any n, m € N and any e > 0, there is a constant S = 8(n, m, e) > 
satisfying that: Assume that (M,g,&) is a closed Ricci-flat Einstein m-manifold with a 
calibration n-form <d, p G M, and there is a homology class A G H^MjZ) such that for 
any x G B g (p, 1), there is a n-submanifold L x calibrated by passing x and presenting 
A, i.e. x G L x and [L x ] = A. If 

<d<5, 

A 

then 

Vol g (B g (p, 1))< £ . 



Proof of Theorem \6.3\ and Theorem M .(A Assume that the conclusion is not true. Then 
there is a family of closed Ricci-flat Einstein m-manifolds {(Mk, gk, ©fc)} with calibration 
n-forms Ok, Pk G Mk, and there are homology class A^ G H n (Mk,1) such that 

i) for any x G B gk (pk, 1), there is a rt-submanifold Lk yX calibrated by &k passing x 
and presenting Ak, i.e. x G Lk. x and = ^k, 



n) 



e *4 



However, 

Vo\ gk (B gk ( Pk ,l))>C, 
for a constant C > independent of k. 

By Gromov pre-compactness theorem (Theorem I2.2p . by passing to a subsequence, 
{ (Mfc, g k ,Pk)} converges to a complete path metric space (Y, dy,p) in the pointed Gromov- 
Hausdorff sense. By Theorem l2.31 the Hausdorff dimension of (Y, dy,p) is m, and there is 
a closed subset Sy C Y of Hausdorff dimension smaller than m— 1, i.e. dim^ Sy < m— 1, 
such that y\SV is a smooth manifold, and dy is induced by a Ricci-flat Einstein metric 
<7oo on Y\Sy. Furthermore, for any compact subset D C Y\Sy, there are embeddings 
Fk,D ■ D — ► Mk such that F£ D gk converges to in the C°°-sense. 

We take D big enough such that DC\B dY (p, |) is not empty. For a y G mtDC\B dY (p, |), 
there is a r > such that B 9oo (y, 2r) C intZ>nS dy (p, |), and B gfc (F k ^ D (y), r) C F k ^ D {D)C\ 
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Bg k (pk, |) when k 3> 1. By the smooth convergence of F£ D g k , the sectional curvatures 
K gk satisfy 

sup \K gk \<C D , 

F k , D {D) 

for a constant Cd depending on D, but independent of k. Let L k be a n-submanifold 
calibrated by 8^ passing Fk t o(y) and presenting A k , i.e. F ki u(y) € and [Lfc] = A k . 
By Bishop-Gromov comparison theorem, for any p < r, 

Vol gk (B gk (F k Ay),P)) > VoU(S 9fc (F fc , D ( y)) l)) > Vol Sfe (S fffc (p fc) i)) 

p ^ 



>^o\ 9k {B gk { Pk ,l))>^. 

Then there is a uniform lower bound l > for injectivity radiuses i 9k (F k ^£i(y)) at F kt o(y) 
(c.f. [35]), i.e. ig h (F k , D (y)) > t > for fc > 1. By TheoremHH we have 

Vol^OEMp)) < Vo\g k (B gk (F k My),p) n L*) < I &k= f ®k<j, 

JL k JA k fc 

where p = min{i, r, -A }, /ii denotes the standard metric on S 171 with constant curvature 

, and B^^p) denotes a metric p-ball in S n . We obtain a contradiction when A; ^> 1, 
and, thus, we obtain the conclusion. 

We obtain Theorem 11.61 by applying the above arguments to special lagrangian sub- 
manifolds in Ricci-flat Calabi-Yau manifolds. □ 

Remark 6.4. Let {(Mf., g k , ©fc)} be a family of closed Ricci-flat Einstein m-manifolds with 
calibration n-forms 0fc, and {p k } be a sequence of points such that there are open subsets 
W k D Bg k (p k , 1) in M k admitting calibrated fibrations f k '■ W k — > B k corresponding to 
<d k , i.e. for any b k € B k , f k (bk) is a n-submanifold calibrated by <d k . If 



lim / 6 fc = 0, 

k~,ooJ f -l (bk) 

where b k € B k , Theorem 16.31 implies that 

lim Vo\ gh (B gh (p k ,l)) = 0, 

K >00 

and, by passing to a subsequence, {(M k , gk)} converges to a path metric space of lower 
Hausdorff dimension in the pointed Gromov-Hausdorff sense. 

Remark 6.5. Theorem 16.31 can be applied to GVmanifolds and 5pm(7)-manifolds since 
they are Ricci-flat Einstein manifolds (c.f. [25]). 
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